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We calculate the shear viscosity and anomalous baryon number violation rate in quantum ﬁeld theories
at ﬁnite temperature having gravity duals with hyperbolic horizons. We ﬁnd the explicit dependence
of these quantities on the temperature. We show that the ratio of shear viscosity to entropy density is
below 1/(4π) at all temperatures and can be made arbitrarily small in the low temperature limit for
hyperbolic surfaces of suﬃciently high genus so that the hydrodynamic limit remains valid.
© 2009 Elsevier B.V. Open access under CC BY license. In certain ﬁnite-temperature quantum ﬁeld theories having
gravity duals with black brane solutions in higher spacetime di-
mensions, the hydrodynamic behaviour of the thermal ﬁeld theory
is identiﬁed with the hydrodynamic behaviour of the dual gravity
theory [1]. It was shown [2] that for these ﬁeld theories, the ratio
of the shear viscosity to the volume density of entropy has a uni-
versal value η/s = 1/(4π) and it was further conjectured that this
is the lowest bound on the ratio η/s for a large class of thermal
quantum ﬁeld theories.
This conjecture was tested against a wide range of thermal
ﬁeld theories having gravity duals: in gauge theories with chem-
ical potentials studying their R-charged black hole duals [3], in
ﬁeld theories with stringy corrections [4] and also in ﬁeld theories
with gravity duals of Einstein-Born–Infeld gravity [5]. In all these
theories it was found that the lower bound is satisﬁed. However,
in conformal ﬁeld theories dual to Einstein gravity with curvature
square corrections it was found that the bound is violated [6] but
the physical implication of the violation of the bound is still not
clear.
In the gravity sector of this gravity/gauge duality, maximally
symmetric spaces naturally arise as the near-horizon region of
black brane geometries [7]. Spherically symmetric spaces have
been extensively investigated. Also hyperbolic geometries involv-
ing n-dimensional hyperboloids Hn or Hn/Γ cosets, where Γ is
a discrete subgroup of the isometry group of Hn , arise naturally
in supergravity as a result of string compactiﬁcations [8]. How-
ever, the presence of the discrete group Γ introduces another scale
which breaks all supersymmetries. N = 0 conformal ﬁeld theo-
ries can be constructed having gravity duals with constant negative
curvature [8,9].
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Open access under CC BY license. The hydrodynamic properties of the boundary conformal ﬁeld
theory can be inferred from the lowest frequency quasinormal
modes of the gravity sector [10]. The lowest-lying gravitational
quasinormal modes for a Schwarzschild–AdS solution were numer-
ically calculated in four and ﬁve dimensions and were shown to
be in agreement with hydrodynamic perturbations of the gauge
theory plasma on the AdS boundary [11]. For AdS5 this was under-
stood as a ﬁnite “conformal soliton ﬂow” after the spherical AdS5
boundary obtained in global coordinates was conformally mapped
to the physically relevant ﬂat Minkowski spacetime. This study was
extended to black holes with a hyperbolic horizon. It was shown
in [12] that the quasinormal modes obtained agreed with the fre-
quencies resulting from considering perturbations of the gauge
theory ﬂuid on the boundary.
Recently, interesting features have shown up in the study of
topological black holes (TBH). The spectrum of the quasinormal
modes of TBH [13] has been studied extensively [14]. For large
black holes this spectrum is similar to the Schwarzschild–AdS
spectrum. For small black holes however the quasinormal modes
spectrum is quite different. It was found [15] that there is a crit-
ical temperature, below which there is a phase transition of the
TBH to AdS space. This has been attributed entirely to the proper-
ties of the hyperbolic geometry.
In this work we will show that the hyperbolic geometry al-
lows us to calculate hydrodynamic transport coeﬃcients like shear
viscocity and the Chern–Simons diffusion rate of the boundary
thermal ﬁeld theory at any temperature under certain conditions.
This should be contrasted with the case of a spherical black hole
where low temperature is invariably associated with small horizon
area and therefore the hydrodynamic approximation breaks down.
In the hyperbolic case, the area of the horizon can be large even
at low temperatures provided the hyperbolic surface is of high
genus.
Topological black holes are solutions of the Einstein equations
for vacuum AdS space. Consider the action
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16πG
∫
ddx
√−g
[
R + (d − 1)(d − 2)
l2
]
, (1)
where G is the Newton’s constant, R is the Ricci scalar and l
is the AdS radius. The presence of a negative cosmological con-
stant (Λ = − (d−1)(d−2)
2l2
) allows the existence of black holes with
topology R2 × Σ , where Σ is a (d − 2)-dimensional manifold of
constant negative curvature. These black holes are known as topo-
logical black holes (TBHs) [13]. The simplest solution of this kind
in four dimensions reads
ds2 = − f (r)dt2 + 1
f (r)
dr2 + r2 dσ 2,
f (r) = r2 − 1− 2Gμ/r, (2)
where we have set the AdS radius l = 1, μ is a constant which
is proportional to the mass and dσ 2 is the line element of the
two-dimensional manifold Σ , which is locally isomorphic to the
hyperbolic manifold H2 and of the form
Σ = H2/Γ, Γ ⊂ O (2,1), (3)
where Γ is a freely acting discrete subgroup (i.e. without ﬁxed
points) of isometries. The line element dσ 2 of Σ is
dσ 2 = dθ2 + sinh2 θ dϕ2, (4)
with θ  0 and 0  φ < 2π being the coordinates of the hyper-
bolic space H2 or pseudosphere, which is a non-compact two-
dimensional space of constant negative curvature. This space be-
comes a compact space of constant negative curvature with genus
g 2 by identifying, according to the connection rules of the dis-
crete subgroup Γ , the opposite edges of a 4g-sided polygon whose
sides are geodesics and is centered at the origin θ = ϕ = 0 of the
pseudosphere [13,17]. An octagon is the simplest such polygon,
yielding a compact surface of genus g = 2 under these identiﬁ-
cations. Thus, the two-dimensional manifold Σ is a compact Rie-
mann 2-surface of genus g 2. The conﬁguration (2) is an asymp-
totically locally AdS spacetime.
This construction can be generalized to higher dimensions and
our aim in this work is to elucidate the effect of hyperbolic hori-
zons on the gauge theory on the AdS boundary. In ﬁve spacetime
dimensions the metric takes the form
ds2 = − f (r)dt2 + dr
2
f (r)
+ r2 dΣ23 , f (r) = r2 − 1−
2μ
r2
, (5)
where Σ3 = H3/Γ . The horizon radius r+ is found from
2μ = r4+
(
1− 1
r2+
)
. (6)
The Hawking temperature is
T = 2r
2+ − 1
2πr+
, (7)
while the mass and entropy of the black hole are given respectively
by
M = 3V
16πG
r2+
(
r2+ − 1
)
, S = V
4G
r3+ (8)
where V is the volume of the hyperbolic space Σ3. Note that
in the horizon radius range 1/2  r2+  1 the mass of the black
hole is negative [16]. The lower bound corresponds to its max-
imum negative value where the temperature is zero. The upper
bound corresponds to zero mass, where as shown in [15] there is
a phase transition of the TBH to AdS space, while above that value
the mass takes positive values.
The energy of the dual CFT is [9]
ECFT = 3V
16πG
(
r2+ −
1
2
)2
(9)which is shifted with respect to the black hole energy by a positive
amount (Casimir energy due to counterterms one needs to add to
the action to cancel inﬁnities). Notice that the minimum energy
(ECFT = 0) is at T = 0, therefore the energy of the CFT is never
negative, unlike its dual black hole.
For the study of perturbations, we need the behaviour of har-
monic functions on Σ3. In general, they obey(∇2 + k2)T = 0. (10)
Without identiﬁcations (i.e., in H3), the spectrum is continuous.
We obtain [14]
k2 = ξ2 + 1+ δ (11)
where ξ is arbitrary and δ = 0,1,2 for scalar, vector and ten-
sor perturbations, respectively. When a compactiﬁcation scheme is
chosen, the spectrum becomes discrete. Depending on the choice
of Γ , the discretized eigenvalues ξ2 may be made as small as de-
sired, i.e., zero is an accumulation point of the spectrum of ξ [17].
We also obtain negative values of ξ2. As ξ2 approaches its min-
imum value, the complexity of the set of isometries Γ increases
and the volume V of the hyperbolic space Σ3 can be made arbi-
trarily large (hence also the mass and entropy of the black hole).
Using the harmonics on Σ3, we may write the wave equation
for gravitational perturbations in the general Schrödinger-like form
[18]
−d
2Φ
dr2∗
+ V [r(r∗)]Φ = ω2Φ, (12)
in terms of the tortoise coordinate r∗ deﬁned by dr∗dr = 1f (r) where
f (r) is deﬁned in (5). The potential takes different forms for dif-
ferent types of perturbation.
To calculate the Chern–Simons diffusion rate one needs to solve
the wave equation for a massless scalar ﬁeld. The radial wave
equation is
1
r3
(
r3 f (r)Φ ′
)′ + ω2
f (r)
Φ − k
2
S
r2
Φ = 0. (13)
By deﬁning Φ = r− 32 Ψ it can be cast into the Schrödinger-like form
(12) with the potential given by
VS(r) = f (r)
{
15
4
+ k
2
S − 34
r2
+ 9μ
2r4
}
. (14)
We may solve the wave equation in terms of a Heun function and
use the latter to determine the spectrum exactly albeit numerically
[15]. However, such explicit expressions will not be needed for our
purposes.
If the hyperbolic space Σ3 is inﬁnite, then k2S  1 (Eq. (11)).
However, if Σ3 is ﬁnite, then it is easy to see that the minimum
eigenvalue is k2S = 0. The corresponding hyperspherical harmonic
is a constant. Above k2S = 0, the spectrum is discrete.
For the AdS/CFT correspondence, we need the ﬂux
F = N
2
16π2
√−ggrr Φ
∗∂rΦ
|Φ|2
∣∣∣∣
r→∞
. (15)
The imaginary part is independent of r (conserved ﬂux). It is con-
venient to evaluate it at the horizon where the wavefunction be-
haves as
Φ(r) ≈
(
1− r+
r
)− iω4π T
. (16)
We obtain
√−ggrr
(Φ∗∂rΦ)= −ωr3+ (17)
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F = − N
2r3+ω
16π2|Φ(∞)|2 . (18)
It is related to the imaginary part of the retarded Green function,

G˜ R(ω,k2S)= −2
F (19)
of some scalar operator O (G(x) = 〈O(x)O(0)〉, where x ∈ R×Σ3).
We readily obtain

G˜ R(ω,k2S)= N
2r4+ωˆ
8π2|Φ(∞)|2 . (20)
For O = 14 Faμν F˜ aμν , we may deﬁne the Chern–Simons diffusion
rate
Γ =
(
g2YM
8π2
)2 ∫
dt
∫
Σ3
d3σ
〈O(x)O(0)〉. (21)
Γ determines the rate of anomalous baryon number violation
at high temperatures in the Standard Model. Expanding G(x) in
hyperspherical harmonics, the integral over Σ3 projects onto the
lowest harmonic (k2S = 0). The integral over time then yields the
Fourier transform at ω = 0. Using
G˜
(
0,k2S
)= − lim
ω→0
2T
ω

G˜ R(ω,k2S) (22)
we deduce
Γ =
(
g2YM
8π2
)2
G˜(0,0) = (g
2
YMN)
2
256π6
T r3+
|Φ(∞)|2
∣∣∣∣
ω=0,k2S=0
. (23)
Evidently,
Φ(r)|ω=0,k2S=0 = 1 (24)
at any temperature, therefore
Γ = (g
2
YMN)
2
256π7
r4+
(
1− 1
2r2+
)
. (25)
At high temperatures, Γ ∼ T 4 whereas as T → 0, Γ ∼ T → 0, i.e.,
anomalous baryon number violation is suppressed at low temper-
atures.
To calculate the shear viscosity, we need to discuss vector grav-
itational perturbations. The lowest eigenvalue of the angular equa-
tion (10) for a vector harmonic Vi (∇iVi = 0) on a ﬁnite hyperbolic
space Σ3 is found by observing that
∇ j(∂iV j − ∂ jVi) =
(
k2V + 2
)
Vi
where we used Rij = −2γi j (γi j being the metric on Σ3). There-
fore, we have a constant vector harmonic if k2V + 2 = 0. The mini-
mum eigenvalue is k2V = −2. Above it, we have a discrete spectrum
of eigenvalues
k2V = −2+ ,  0. (26)
The radial wave equation is of the form (12) with potential
VV(r) = f (r)
{
3
4
+ k
2
V − 74
r2
− 27μ
2r4
}
. (27)
We may solve the radial equation and obtain a solution in terms
of a Heun function. Since we are interested in the hydrodynamic
behaviour, we shall solve the radial equation only for small ω and
 using perturbation theory.
More precisely, the hydrodynamic approximation is valid pro-
vided
ω,
√
  r+ (28)(recall that we are working in units in which the AdS radius l = 1).
At high temperatures, this constraint is equivalent to ω,
√
  T .
Also, the area of the horizon (A+ ∼ r2+) is large and the constraint
(28) is satisﬁed for eigenvalues  ∼ O(1) because then   A+ .
This is similar to the case of a sphere. In both cases, the hydro-
dynamic limit is valid at high temperature (large black hole) [11,
12].
At low temperatures, in the case of a spherical horizon, its
area becomes small. Even with A+ ∼ O(1), it is no longer possi-
ble to satisfy the constraint (28) because the low-lying eigenvalues
 ∼ O(1) regardless of the size of the horizon. Thus, for a small
spherical black hole the hydrodynamic approximation is invalid.
For a hyperbolic horizon at low temperature, we have r+ ∼
O(1) (r+  1/
√
2 at all temperatures), so the hydrodynamic con-
straint (28) is not always satisﬁed, as in the case of a spherical
horizon. However, unlike in the case of a sphere, a hyperbolic
space Σ3 of high genus can have a large volume V  1. The low
lying eigenvalues are
√
 ∼ 1
V 1/3
(29)
and therefore can be small (
√
  O(1)) if V is large. Thus, for
topological black holes of high genus hyperbolic horizons the hy-
drodynamic approximation is valid even in the low temperature
(small horizon radius) limit owing to the complexity of the hori-
zon surface.
To solve the radial wave equation, it is convenient to introduce
the coordinate
u =
(
r+
r
)2
. (30)
In terms of the wavefunction F (u) deﬁned by
Ψ (u) = (1− u)− iω4π T F (u) (31)
we have
AF ′′ + BF ′ + CF = 0, (32)
where
A = u fˆ , B = u fˆ ′ + 3
2
fˆ + iω
4π T
u fˆ
1− u ,
C = − Vˆ
4u2 fˆ
+ iω
4π T
u fˆ ′ + 32 fˆ
1− u +
iω
4π T
u fˆ
(1− u)2
+ O(ω2/T 2), (33)
where prime denotes differentiation with respect to u and we have
deﬁned
fˆ (u) ≡ f (r)
r2+
= 1
u
− 1
r2+
− 2μ
r4+
u,
VˆV(u) ≡ VV(r)
r2+
= fˆ (u)
{
3
4
+  −
15
4
r2+
u − 27μ
2r4+
u2
}
. (34)
We obtain the zeroth order equation by setting ω = 0, = 0. The
acceptable solution is
F0 = u3/4 (35)
independent of the temperature.
Expanding the wavefunction,
F = F0 + F1 + · · · , (36)
at ﬁrst order the wave equation reads
H0F1 = −H1F0, (37)
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continuous line and the points represent the perturbative and numerical results,
respectively.
where
H1F0 = iω
4π T
{
2
u
+ 3
(
1− 1
r2+
)}
F0 − 
4r2+u
F0. (38)
The solution may be written as
F1 = F0
∫ W
F 20
∫
F0H1F0
AW , (39)
where W = 1/(u3/2 fˆ ) is the Wronskian. The limits of the inner in-
tegral may be adjusted at will because this amounts to adding an
arbitrary amount of the unacceptable zeroth-order wavefunction.
To ensure regularity at the horizon, we should choose one of the
limits of integration at u = 1. Then by demanding that the singu-
larity vanish at the boundary (u = 0), we arrive at the ﬁrst-order
constraint
1∫
0
du
F0H1F0
AW = 0. (40)
After some straightforward algebra, this leads to the dispersion re-
lation
ω = −i 
4r+
(41)
in agreement with Ref. [12] at high temperatures and matching
numerical results at all temperatures (Fig. 1). From (41) we read
off the diffusion coeﬃcient
D = 1
4r+
(42)
which is related to the viscosity coeﬃcient via
D = η
 + p . (43)
This is known to be valid in ﬂat space. It is also valid in our case,
as can be seen by writing the hydrodynamic equations ∇μTμν = 0
for a static ﬂuid of constant pressure perturbed by a small veloc-
ity ﬁeld ui = e−iωtVi . The conservation law of the hydrodynamic
equations yields [12]
−4iωp + η(k2V + 2)= 0. (44)
Eq. (43) then follows if we use (41), (42) together with  = 3p
which is valid for a conformal ﬂuid.From the expression for the energy (9), we obtain the energy
density  = ECFT/V and the shear viscosity coeﬃcient
η = 4
3
D = 1
16πGr+
(
r2+ −
1
2
)2
. (45)
Dividing by the entropy density (s = S/V , where the entropy is
given by (8)), we obtain
η
s
= 1
4π
(
1− 1
2r2+
)2
. (46)
At high temperature (large r+), ηs ≈ 14π . As T → 0, ηs ∼ T 2 → 0. At
all temperatures, the ratio is below 14π .
In ﬂat spacetime, one also obtains the viscosity coeﬃcient from
the Kubo formula [1], which agrees with the result obtained via
the diffusion coeﬃcient. The former is derived by considering ten-
sor perturbations. This is not possible in our case, because tensor
perturbations of the static ﬂuid in hyperbolic space do not exist
due to their being traceless and divergenceless [12].
In conclusion. Using the AdS/CFT correspondence we have cal-
culated the anomalous baryon number violation rate and the ratio
of shear viscosity to entropy density in thermal ﬁeld theories hav-
ing gravity duals with hyperbolic horizons. We found the explicit
temperature dependence of the anomalous baryon number viola-
tion and we showed that it is suppressed at low temperatures.
For high genus hyperbolic spaces the hydrodynamic approxima-
tion is valid at low temperatures, and the ratio of shear viscosity
to entropy density is found to be below 1/(4π) at all temper-
atures. It can be made arbitrarily small in the low temperature
limit.
Acknowledgements
We thank J. Natário for discussions. Work supported by the
NTUA research program PEVE07. G.S. was supported in part by the
US Department of Energy under grant DE-FG05-91ER40627.
References
[1] G. Policastro, D.T. Son, A.O. Starinets, Phys. Rev. Lett. 87 (2001) 081601;
G. Policastro, D.T. Son, A.O. Starinets, JHEP 0209 (2002) 043;
P. Kovtun, D.T. Son, A.O. Starinets, JHEP 0310 (2003) 064.
[2] P. Kovtun, D.T. Son, A.O. Starinets, Phys. Rev. Lett. 94 (2005) 111601.
[3] J. Mas, JHEP 0603 (2006) 016;
D.T. Son, A.O. Starinets, JHEP 0603 (2006) 052;
O. Saremi, JHEP 0610 (2006) 083;
K. Maeda, M. Natsuume, T. Okamura, Phys. Rev. D 73 (2006) 066013.
[4] A. Buchel, J.T. Liu, A.O. Starinets, Nucl. Phys. B 707 (2005) 56;
P. Benincasa, A. Buchel, JHEP 0601 (2006) 103;
R.C. Myers, M.F. Paulos, A. Sinha, Phys. Rev. D 79 (2009) 041901(R).
[5] R.G. Cai, Y.W. Sun, JHEP 0809 (2008) 115.
[6] M. Brigante, H. Liu, R.C. Myers, S. Shenker, S. Yaida, Phys. Rev. D 77 (2008)
126006;
M. Brigante, H. Liu, R.C. Myers, S. Shenker, S. Yaida, Phys. Rev. Lett. 100 (2008)
191601;
Y. Kats, P. Petrov, JHEP 0901 (2009) 044.
[7] G.T. Horowitz, A. Strominger, Nucl. Phys. B 360 (1991) 197;
G.W. Gibbons, P.K. Townsend, Phys. Rev. Lett. 71 (1993) 3754.
[8] A. Kehagias, J.G. Russo, JHEP 0007 (2000) 027.
[9] R. Emparan, JHEP 9906 (1999) 036.
[10] D.T. Son, A.O. Starinets, JHEP 0209 (2002) 042;
G. Policastro, D.T. Son, A.O. Starinets, JHEP 0209 (2002) 043.
[11] J.J. Friess, S.S. Gubser, G. Michalogiorgakis, S.S. Pufu, JHEP 0704 (2007) 080;
G. Michalogiorgakis, S.S. Pufu, JHEP 0702 (2007) 023.
[12] J. Alsup, G. Siopsis, Phys. Rev. D 78 (2008) 086001.
[13] R.B. Mann, Class. Quantum Grav. 14 (1997) L109;
R.B. Mann, Nucl. Phys. B 516 (1998) 357;
L. Vanzo, Phys. Rev. D 56 (1997) 6475;
D.R. Brill, J. Louko, P. Peldan, Phys. Rev. D 56 (1997) 3600;
D. Birmingham, Class. Quantum Grav. 16 (1999) 1197.
[14] J.S.F. Chan, R.B. Mann, Phys. Rev. D 59 (1999) 064025;
78 G. Koutsoumbas et al. / Physics Letters B 677 (2009) 74–78B. Wang, E. Abdalla, R.B. Mann, Phys. Rev. D 65 (2002) 084006;
R. Aros, C. Martinez, R. Troncoso, J. Zanelli, Phys. Rev. D 67 (2003) 044014;
D. Birmingham, S. Mokhtari, Phys. Rev. D 74 (2006) 084026.
[15] G. Koutsoumbas, S. Musiri, E. Papantonopoulos, G. Siopsis, JHEP 0610 (2006)
006;
G. Koutsoumbas, E. Papantonopoulos, G. Siopsis, JHEP 0805 (2008) 107;G. Koutsoumbas, E. Papantonopoulos, G. Siopsis, arXiv:0806.1452 [hep-th].
[16] R.B. Mann, Class. Quantum Grav. 14 (1997) 2927, arXiv:gr-qc/9705007.
[17] N.L. Balazs, A. Voros, Phys. Rep. 143 (3) (1986) 109;
N.J. Cornish, D.N. Spergel, arXiv:math/9906017;
K. Inoue, Class. Quantum Grav. 16 (1999) 3071.
[18] A. Ishibashi, H. Kodama, Prog. Theor. Phys. 110 (2003) 701.
